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A classic theorem of Erdés, Ginzburg and Ziv states that in a sequence of 2n — 1 integers
there is a subsequence of length n whose sum is divisble by n. This result has led to several
extensions and generalizations. A multi-dimensional problem from this line of research is
the following. Let Z, stand for the additive group of integers modulo n. Let s(n,d) denote
the smallest integer s such that in any sequence of s elements from Z¢ (the direct sum
of d copies of Z,) there is a subsequence of length n whose sum is 0 in Z2. Kemnitz
conjectured that s(n,2) =4n—3. In this note we prove that s(p,2) <4p—2 holds for every
prime p. This implies that the value of s(p,2) is either 4p—3 or 4p — 2. For an arbitrary
positive integer n it follows that s(n,2) <(41/10)n. The proof uses an algebraic approach.

1. Introduction

In 1961 Erdés, Ginzburg and Ziv [6] proved that in a sequence of 2n —1
integers there is a subsequence of length n whose sum is divisble by n. This
result has led to several extensions and generalizations (see for example [2]
and the survey paper [5]). A multi-dimensional problem from this line of
research is to determine (estimate) the numbers s(n,d) defined as follows.
Let Z, denote the additive group of integers modulo n and s(n,d) be the
smallest integer s such that in any sequence of s elements from Z? (the
direct sum of d copies of Z,,) there is a subsequence of length n whose sum
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is 0 in Z¢. Harborth [7] proved that
(1) (n—1)2¢+1<s(n,d) <(n-1)n?+1

and that the lower bound in (1) is attained if either d=1; or d=2 and n is of
form n=2*3!. The inequalities in (1) are easy: in a sequence of (n—1)n?+1
vectors form Z,Ef one must appear at least n times; as for the lower bound one
can take a sequence consisting of n—1 copies of the 0,1-vectors from Z¢. Note
that the Erd4s-Ginzburg-Ziv Theorem can be formulated as s(n,1)=2n—1.

Alon and Dubiner [3] proved that s(n,d) <c(d)n, where ¢(d) is a constant
independent of n. Their proof uses expansion properties of Cayley graphs
and additive number theory.

Kemnitz [8] conjectured that the lower bound is sharp for d=2, i.e. that
s(n,2)=4n—3, and verified it in the cases when the prime factors of n are
from the set {2,3,5,7}. In [2] Alon and Dubiner proved that s(n,2) <6n—>5
and sketched an argument which gives s(p,2) < 5p— 2 for sufficiently large
primes p.

The result of this note is the following.

Theorem 1.1. For every prime p we have s(p,2) <4p—2.

This, together with the lower bound in (1) implies that the value of
s(p,2) is either 4p—3 or 4p — 2. The proof is based on an algebraic tech-
nique developed mostly by Alon and his co-authors. In fact, our argument
can be considered as an application of his beautiful Nonvanishing Theorem
(Theorem 1.2 from [1]).

For an arbitrary positive integer n the theorem implies that s(n,2) <
(41/10)n. This is certainly true if n is prime or if the prime factors of n
are all less than 11. For a general n one can proceed by induction on the
number of primes dividing n: assume that n=mp, where p>11 is a prime
and s(m,2)<(41/10)m. We use the inequality (cf. Harborth [7]) below:

s(mk,d) < s(m,d) +m(s(k,d) —1).
We obtain that

41 11 41
s(mp,2) < o™ +m(4dp — 3) = o™ + 4mp < 7711_(})7 + 4mp = 0"

2. The proof

We need the following easy fact about polynomial functions on Boolean
hypercubes, which has had many applications in combinatorics (see for ex-
ample Section 5.4 of [4], or [2]). We include a simple proof for the reader’s
convenience.
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Lemma 2.2. Let F' be a field and m a positive integer. Then the (multilin-
ear) monomials [[;crxi, I C{1,2,...,m} constitute a basis of the F-linear
space of all functions from {0,1}" to F. (Here 0 and 1 are viewed as elements
of F.)

Proof. The monomials [];c;xi, I C{1,2,...,m} span a linear space of di-
mension 2™ over F'. This is also the dimension of the space of functions
from {0,1}™ to F, therefore it suffices to verify that every function from
the latter set can be expressed as an F-linear combination of the monomi-
als J[;c;xi. The space of functions is clearly spanned by the characteristic
functions y,, ©€{0,1}™, where x,(u)=1 and y,(v)=0 if v#u, hence it is
enough to establish the required representation for characteristic functions.
Write u = (uq,ug,...,uy) and let U C{1,2,...,m} be the set of coordinate
positions j where u; =1 and U be the set of indices j with uj=0. Then we

have
Xu(T1, T2, oy T) = H xj - H(l —xj)
Jev jeu
as functions on {0,1}™. By expanding the right hand side we obtain an
expression of the desired form. This proves the assertion. ]

The following lemma was found by Alon and Dubiner ([2], Lemma 3.2).
They proved it by using the Chevalley-Warning Theorem (see also the con-
cluding remark).

Lemma 2.3. Let p be prime and
V1,02, .- 7v3p

be a sequence of vectors from Z,® Z,, such that Z?ﬁl v =

(0,0). Then there
is a subset J of {1,2,...,3p}, [J|=p such that 3. ;v;=(0,0)

Proof of the Theorem. The assertion is obvious for p=2, hence we may
assume that p is an odd prime. Put m=4p— 2.
Let

v = (al, bl),Ug = (CLQ, bg), ey Um = (am, bm)
be a sequence of vectors from Z,® Z,. We have to prove that there exists a
subset J of {1,2,...,m}, |J|=p such that 3, ;v;=(0,0).
Let o(z1,22,...,%m) =2 1c(1,2,...m},|1|=p | Lics @i denote the p-th elemen-
tary symmetric polynomial of the variables x1,xo,...,2y,. By Lemma 2.3
it is enough to prove that there is a subset J of {1,2,...,m}, with |J|=p
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or |J| =3p such that }°;c;v; = (0,0). Assume for contradiction that this
statement is false and consider the polynomial P over the prime field F},

() )

((ix) : —1) (U(xl,xg,...,xm)—z)

We claim that F' vanishes on all vectors u € {0,1}", except on the all 0
vector 0, where F'(0) = 2. Indeed, the third factor vanishes on w unless it
has Hamming weight (the number of ones) divisible by p. If the Hamming
weight of u is 2p then o(u)= (2;7) =2 in F),, hence the last factor vanishes
on u. Finally, if the Hamming weight of u is p or 3p then

(B ) (B )

is 0 on u by the indirect hypothesis. We obtained that P =2y as functions
on {0,1}"™. Note also that deg P <3(p—1)+p=4p—3. Now reduce P into a
linear combination of multilinear monomials by using the relations z? = z;
(which are valid on {0,1}™), and let @ denote the resulting expression.
Clearly we have QQ=2x¢ as functions on {0,1}" and deg@ <4p—3, because
reduction can not increase the degree. But this is in contradiction with the
uniqueness part of Lemma 2.2, for the multilinear representative of 2xg =
2(1=x1)(1=z2) - - - (1=, ) has degree m =4p—2. The contradiction establishes
the Theorem. |

Remark. Lemma 2.3 can be proved in a way similar to the preceding ar-
gument. Put m=3p, v;=(a;,b;) and just take the first three factors of P:

(S (Eo) ) (B )

If the statement of the Lemma is false, then we can infer that P'=—yo—x1
and this leads to contradiction (deg P’ is too small), as before. This, however,
is merely a reformulation with Boolean variables of the original reasoning of
Alon and Dubiner [2]. They employed variables ranging over F,.
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Theorem 1.1 implies the general bound s(n,2)<(41/10)n.
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